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. . Recently we have some attempts for complexification of dynamical systems in order to investigate, on the basis of analytical properties, integrabilities of the systems and the regular or irregular motion of the systems. One of them is to complexify the independent variable of the systems. I) In this paper we will try another complexification by taking the expansion parameter of the generating function considered by Yamaguti and Hata 2 ) as complex. It will be shown that analytical properties of the function reveal characteristics of the periodic and chaotic motion of the systems.
The generating function Fo gives us static properties of orbits of the dynamical systems, so that instabilites of the orbits are not discussed by the function. Then we will introduce the formal derivatives of the generating function. It will be found that especially the first derivative Fl is important and closely related with the Lyapunov exponent.
Since there is no relationship between the radius of convergence of the generating function and that of the first derivative, then it will be shown that the generating function has continuous but nondifferentiable region and shows the fractal nature if the radius of convergence of the generating function is larger than that of the first derivative.
By taking one dimensional discrete dynamical system as an example we will show analyticity of Fo and Fl, the relationship between the radius of convergence of Fl and the Lyapunov exponent, and the fractal nature of Fo.
(1) Analiticity of Fo conjecture that Fo and FI have the infinite number of poles on 1 tl = 1 and form natural boundaries on it. After that we arrive at transition to a chaotic motion. The same argument can be done for other periodic motions such as 3· 2 n case.
(2) Relationship between radius of convergence of FI and Lyapunov exponent
Since FI is the generating function representing sensibility with respect to the initial separation of an orbit, then we ca;n obtain information of instability of the orbit. We find a marvelous theorem which gives us a direct connection between the radius of convergence of FI and the Lyapunov exponent of the considering dynamical system: THEOREM 
If the radius of convergence of FI (t, Xo) is given by Mxo), then the Lyapunov exponent it(xo) of the dynamical system is obtained by it(xo) = -In Mxo) _
Short proof' The asymptotic behavior of Idxn / tirol for large n can be expressed with a positive constant r as ~ rn both for periodic and chaotic regions of the map_ By taking N to be sufficiently large, the series of FI behaves as Then the radius of convergence is given by t I =l/r_ Writing formally r as it=lnr with the Lyapunov exponent, we get the theorem.
We remark that the double production of poles by the pitchfork bifurcations changes discontinuously ldil/ dal by a factor 2 and no change occurs for the exchange of stability where the number of poles is conserved.
Applying the theorem to the logistic map IJf = axn(1-Xn); we get tl =1/ a and then it=ln a for the fixed point at x = 0 with 0 ~ a ~ 1, and after the exchange of stability tl=1/12-al and then it=ln 12-al for the fixed point at x = 1-1/ a with 1 < a~ 3. By the pitchfork bifurcation tl is given by 14 +2a-a 2 1-1/2 and therefore it by (In 14+2a-a 2 1) / 2 for the period two orbit. For the case of the fully developed chaos' at a=4, we know the exact solution. Using it, we calculate tl as 1/2, then it =In 2.
(3) Fractal nature of Fo
There is no relationship between the radius of convergence of Fo and that of Fl. If the radius to of convergence of Fo is smaller than tl, then Fo is continuous with respect to t for 1 tl < to and differentiable with respect to Xo. However, if to is larger than tl , then Fo is continuous but nondifferentiable for t within tl < 1 tl < to contrary to the continuous and differentiable function for Itl< tl. Therefore FoCt, xo) has the fractal nature with respect to Xo for the corresponding t region.
For the case of the logistic map to is given by 1 and tl is larger than 1 for periodic regions and smaller than 1 for chaotic ones. Therefore in the latter case Fo has the continuous but nondifferentiable character for t of tl < 1 tl < to.
Modeling the generating function in the fractal region of t < 1, we give one example by introducing another one dimensional map in addition to the original one as follows:
The new map has a stretching rate of l/t. This system has two attractors at y = ± 00. Solving Yo conversely from n = N, we get For N --> 00, we find that yo reduces to Fo. The fractal nature of the generating function is expressed as the fractal basin boundary of the two attractors."l The fractal dimension of the boundary is naturally larger than l.
Our results are preliminary ones, so that we will report details including analytical properties of the generating function and its formal derivatives in chaotic regions elsewhere.
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